We study the productions of first radial excited states D q (2S) (q = u, d, s) and B q (2S) in exclusive semi-leptonic B q ′ (q ′ = u, d, s, c) decays by the improved Bethe-Salpeter method. These 2S states can be detected through their strong decays to ground mesons, where the strong decays are calculated by the low energy approximation as well as the impulse approximation. Some channels have ratios of order 10 −4 :
I. INTRODUCTION
In recent years, great progress has been made in hadronic mass spectra. There are many new states that have been observed, e.g., the new particles D * s0 (2317) [1] , D s1 (2700), D sJ (2860) [2] , η ′ c [3] , X(3872) [4] , X(3940) [5] , Y (3940) [6] , Z(3930) [7] and Y (4260) [8] . Some of these new states are P -wave (L = 1) state candidates, such as D * s0 (2317), and some of them are first radial excited 2S (L = 0, n = 2) state candidates, e.g., D s1 (2700) and η ′ c .
Recently, other new 2S state candidates D(2550)
0 and D * (2600) 0 are observed in inclusive e + e − collisions near √ s = 10.58 GeV [9] .
Besides the progress in experiment, there are many approaches to study the heavy excited states in theory, e.g., the authors of [10] considered B c decays to excited 2P and 3S charmonium states with the relativistic quark model; the authors of [11] calculated the decay of B c → X cc lν l where X cc was an excited charmonium state with the light-cone QCD sum rules approach; the authors of [12] used generalized factorization together with SU(3) F symmetry to predict the branching ratios of B s → M cc + L where M cc was a charmonium state and L was a light scalar; using the ISGW2 quark model, and the authors of [13] studied B c → X cc M decays, where X cc was a radial excited charmonium η c (2S) or ψ(2S).
Although several papers considered the topics of radial excited 2S states [14] [15] [16] [17] , there is still lack of theoretical investigation for the radial excited states D q (2S) or B q (2S), where q is a light quark. One may also note that there is no other heavy-light 2S state, which has ever been confirmed by the experiment except charmonium and bottomonium, this means we have little knowledge about heavy-light 2S states, so the study of heavy-light 2S states will enlarge our knowledge of bound states and QCD.
There are many methods to detect the heavy-light 2S states experimentally. [9] . Since there are a large number of B data in two B-factories, and the LHC will produce large data of B s and B c , there will be a best and convenient way to detect heavy-light 2S states by B q ′ exclusive decays. In theory, the properties of the mesons were studied by many approaches together with the Dyson-Schwinger(DS) equation of QCD or the Bethe-Salpeter(BS) equation or both of them [18] [19] [20] . In this paper, we will study the productions of heavy-light 2S states in exclusive semi-leptonic decays of B q ′ mesons by the instantaneous approximate BS method [21, 22] .
Knowing mass and life time (or full width) is helpful to detect the resonance experimen- tally. In a previous letter [23] , we have studied mass and strong decay of some D q (2S) and B q (2S) states by the BS method. Unfortunately, there are large mass and width discrepancies between our predicted result of D 0 (2S) and that of D(2550) 0 , which is the candidate of D 0 (2S) in the experiment [9] . Our predicted mass is 2.39 GeV of D 0 (2S) [23] , while Babar's result is 2539.4 ± 4.5 ± 6.8 MeV of D(2550) 0 [9] . The total strong decay width of our calculation is 8.4 MeV (note that we missed a parameter 0.5 in all the strong decays whose final state involve π 0 ), which is much smaller than the experimental value 130 ± 12 ± 13 MeV.
There are several theoretical approaches to study the strong decays of this new state [23] [24] [25] [26] [27] [28] .
We show the theoretical estimated full decay widths and the experimental data in TABLE I.
One can see that there are large discrepancies between experimental and theoretical results except the result of [26] .
From our previous calculations, we find that there are three main reasons that result in discrepancies. First, we have chosen a simple potential-the Cornell potential-in order to reduce the difficulty of solving the BS equation, which is very complicated in this work.
Second, we chose a group of old input parameters. Since there was no information of the 2S state mass in the previous letter [23] , we obtained the masses of 2S states by fitting data of ground states with old parameters: m b = 5.224 GeV, m c = 1.7553 GeV, m s = 0.487 GeV,
3 GeV, and other parameters that character the potential [29] . Recently, by fitting data of charmonia and bottomonia which include higher excited states, and combining with the results of decay constants, we give new set of parameters: m b = 4.96 GeV, m c = 1.62
GeV, m s = 0.5 GeV, m u ≃ m d = 0.3 GeV [21] . Third, our results are model dependent and we only consider two OZI-allowed channels to estimate the full decay width. Furthermore, the theoretical prediction of decay width is very sensitive to the mass of 2S state.
In this paper, we focus on the decay and production of the 2S states, not on the mass spectra, so we can vary the free parameter V 0 to obtain the new mass spectra in Although we focus on the production of heavy-light 2S states in the semi-leptonic decays of B q ′ , we would like to re-calculate their strong decays by the re-predicted mass spectra.
The strong decay widths are very sensitive to the kinematic range, so some new strong decay channels with higher mass of 2S states can exist, e.g., there is a strong decay with a P -wave state involved in final states. Finally, we calculate the ratios of strong decays to reduce the effect of model dependence, and estimate the production ratios of B q ′ semi-leptonic decay to the first radial excited states, which are reconstructed by the ground particles in terms of strong decay.
The rest of the paper is organized as follows. In section II, we show the formulations of semi-leptonic and strong decays. We give the hadronic matrix elements of semi-leptonic and strong decays in section III. The results and discussions are given in section IV. In the appendices we introduce BS equation and give some necessary formulas for the calculations of semi-leptonic and strong decays.
II. THE FORMULATIONS OF SEMI-LEPTONIC DECAYS AND STRONG DE-

CAYS
In this section, we present the formulations of B q ′ mesons semi-leptonic decay to 2S mesons and the strong decays of 2S mesons.
A. Semi-leptonic decay of B q ′ As we mentioned previously, the best way to study 2S state is through the exclusive semi-leptonic decay of initial heavy meson (B 0 , B + , B 0 s or B c ). Here, we take the figure 1) as an example to show the formulation. The amplitude of this process is
where V cb is the CKM matrix element, J µ = V µ − A µ is the charged weak current, and P and P f are the momentum of the initial meson B 0 and the final state D − (2S), respectively.
The hadronic part can be written as
where f + , f − are the Lorentz invariant form factors.
We define
, where E ℓ is the energy of the final charge lepton and M is the mass of initial meson. The differential width of the decay can be reduced to
B. Strong decay of 2S mesons
As an example, we consider the OZI-allowed strong decay D − (2S) →D * 0 π − (see figure   2 ). In this work, we take the instantaneous approximation for the interaction kernel in meson; it is fit to describe the double heavy mesons (B c , η c ) and heavy-light mesons (D q , B q ) [30, 31] , but it is inapplicable to double light meson (K, π), which have complicated internal structure. In this work, we take the reduction formula, PCAC relation and low energy theorem to deal with the strong decay as we did in [32] . The strong decay amplitude of figure 2 can be written as [23, 32] 
where P f , P f 1 and P f 2 are the momenta of the D − (2S), final statesD * 0 and π − , respectively, f P f 2 is the decay constant of π − ; we call this method the low energy approximation in this paper.
As a comparison, we also calculate the strong decays using an alternative method called the impulse approximation [33, 34] . According to this method, the decay amplitude of D − (2S) →D * 0 π − can be written as (see Fig. 3 )
where q f , q f 1 are the relative momentum of quark-anti-quark in
After instantaneous approximation, equation (5) can be written as
where [33] [34] [35] . There are two channels for the
The strong decay amplitudes can be described by the strong coupling constants
where
0 π are the strong coupling constants, and ε is the polarization vector of mesonD * 0 .
With equation (7), we obtain the decay widths
From equations (1) and (4), we find that the main task of semi-leptonic and strong decay is to calculate the amplitudes D
III. THE HADRONIC MATRIX ELEMENTS OF SEMI-LEPTONIC DECAY AND STRONG DECAY
A. Hadronic matrix element of semi-leptonic decay 
where q ( q f ) is the relative three-momentum between the quark and the anti-quark in the initial (final) meson and q f = q − α ′ 1 r. M is the mass of B 0 , r is the three-dimensional mo-
is the positive Salpeter wavefunction of B 0 meson and ϕ
is the positive Salpeter wavefunction of
We have given the Salpeter wavefunctions for the different mesons and form factors in appendix B.
B. Hadronic matrix element of strong decays
We have obtained the amplitude of strong decay (4), and the key factor is to calculate the hadronic matrix element
We give the relation of wavefunctions and the strong coupling constants of different strong decays in appendix B.
IV. NUMBER RESULTS AND DISCUSSIONS
A. Semi-leptonic decays
In order to fix the Cornell potential in equation (A11) and masses of quarks, we take In figure 5 , as an example, we plot the form factors of the decay 
a comparison, and we also show the form factors of B 0 → D − (1S)ℓ + ν ℓ in the same method, and special shape of form factors; similar behaviors of the form factors are also obtained in [16, 17] .
In TABLE III, we show the semi-leptonic decay widths and branching ratios with final mesons being 2S states, also the ones of corresponding 1S states in the same method for comparison. With the same initial particle and same CKM matrix element values, the branching ratios of the 2S channels are much smaller than the ones of the 1S channels. This can be understood by the differences of phase spaces and the node structure of wavefunctions of 2S
state. The uncertainties of masses and decay widths shown in TABLE II and TABLE III are very large, some of them are almost 30%. The large uncertainties not only come from the uncertainties of phase spaces, but also from the variation of the node of the 2S wave function, that means a little change of node location will result in large uncertainties.
Although compared with ground-state cases, the production ratios of 2S states are very small, the branching ratios of phase space is very small, so the decay rate is small too. We also point out that small phase space and the node structure result in almost 50% uncertainties for the channels of
B. Strong decays
These heavy-light 2S states can be detected experimentally through their strong decays.
In the previous letter, we have calculated the strong decays of some 2S mesons [23] . But the predicted mass of D 0 (2S) is smaller than the experimental data of D(2550) 0 , which we have analyzed the reasons in the introduction, so we got narrow widths of B q (2S) and in [33] , but come with a discrepancy may come from the further instantaneous approach.
Then, for the first radial excited states, we calculate the transition matrix elements of the strong decay channels, 0 
Tables IV and V show the strong decay widths. Comparing equation (11) with table IV, we find that the uncertainties of strong decay widths are very large, even if there are small uncertainties of strong coupling constants. This indicates that the predicted decay widths are very sensitive to the mass (or kinematic range). The two methods adopted in this paper, i.e. the low-energy approximation and the the impulse approximation, obtained similar strong decay widths, except some of the channels with P -wave involved, which have large discrepancies. As one can see, these P -wave-involved channels have much smaller phase spaces than other channels, which show that these two methods give different results in small phase space. And we pointed out one more time that the large uncertainties in 
43 ± 23(47 ± 17) 46 ± 23(50 ± 17) 49 ± 51(36 ± 38) 74 ± 17(91 ± 18) 73 ± 19(93 ± 19) 109 ± 38(83 ± 36) D * (2600) [9] that have more strong decay channels:
The discrepancy between the theoretical and experimental result comes from that we only considered the dominant OZI-allowed strong decays. Finally, we should point out that the experimental data may vary along with new more precise detections.
C. Product of semi-leptonic decay ratio and cascaded strong decay ratio
We have calculated B q ′ semi-leptonic decay to B q (2S) and D q (2S), where all the states are on mass shells; we also calculated the main strong decays of B q (2S) and D q (2S), e.g.,
we obtain the branching ratio of the semi-leptonic decay Br(B + →D 0 (2S)ℓ + ν ℓ ) = (5.1 ± To reduce the influence of the discrepancies caused by the theoretical strong decay widths, and the ground 1S states D ( * ) , B ( * ) , and their decays that are well known in the experiment, we multiply the branching ratio of the semi-leptonic decay with the strong decay branching ratio, which show the ability of experiment to detect the missing 2S states, but we ignore the reconstructed efficiencies of events in experiment, and the products of ratios are
The decays of B + and B 0 have ratios of order 10 −4 , which can be analyzed with current data at B-factories. The decay of B s that has ratios of order 10 −4 may be observed in the future, while the B c decay ratio of order 10 −6 is hard to reach experimentally.
In summary, we have studied the productions of D q (2S) and B q (2S) in the exclusive semi-leptonic B q ′ decays and the strong decays of D q (2S) and B q (2S). Some of these decays have the branching ratios of order 10 −4 , which could be measured currently in experiments.
For examples, the ratios Br(
are relatively large in B decays, which could be detected by the two current B-factories. For
9 ±14.9(9.9 ±15.0)] × 10 −4 is also not small, which will be reached in the future. We have also given the strong coupling constants of D q (2S) and B q (2S), which maybe observed experimentally. Although similar to other models' results, our calculation also gave a smaller full decay width than the experimental data, but the recent detected D(2550) 0 is very likely the D 0 (2S) state.
In the instantaneous approach, the kernel V (P, k, q) takes the simple form [44] :
Let us introduce the notations ϕ p (q µ ⊥ ) and η(q µ ⊥ ) for a three-dimensional wavefunction as follows:
Then, the BS equation can be rewritten as
The propagators of the two constituents can be decomposed as:
with
where i = 1, 2 for quark and anti-quark, respectively, and J(i) = (−1) i+1 .
We introduce the notations ϕ
With contour integration over q p on both sides of equation (A3), we obtain
, and the full Salpeter equation
For the different J P C (or J P ) states, we give the general form of wavefunctions (we will talk about them in appendix B). Reduce the wavefunctions by the last equation of (A7), and then solve the first and second equations of (A7) to obtain the wavefunctions and mass spectrum. We have discussed the solution of the Salpeter equation in detail in [21, 29] .
The normalization condition for the BS wavefunction is
In our model, the instantaneous interaction kernel V is the Cornell potential, which is the sum of a linear scalar interaction and a vector interaction:
where λ is the string constant and α s ( q) is the running coupling constant. In order to fit the data of heavy quarkonia, a constant V 0 is often added to the confine potential. One can see that V v (r) diverges at r = 0; we introduce a factor e −αr to avoid the divergence
It is easy to know that when αr ≪ 1, the potential becomes equation (A9). In the momentum space and the center of mass system of the bound state, the potential reads :
where the running coupling constant α s ( q) is
.
We introduce a small parameter a to avoid the divergence in the denominator. The constants λ, α, V 0 and Λ QCD are the parameters that characterize the potential. N f = 3 forbq (and cq) system. 
where M is the mass of the pseudoscalar meson, and f i ( q) are functions of | q| 2 . Due to the last two equations of (A7): ϕ
where m 1 and m 2 and ω 1 = m 2 1 + q 2 , ω 2 = m 2 2 + q 2 are the masses and the energies of quark and anti-quark in B q ′ mesons, q ⊥ = q − (q · P/M 2 )P , and q
are only two independent unknown wavefunctions f 1 ( q) and f 2 ( q) in equation (B1):
The numerical values of radial wavefunctions f 1 and f 2 and eigenvalue M can be obtained by solving the first two Salpeter equations in equation (A7).
According to equation (A6), the relativistic positive wavefunction of pseudoscalar 0 − state in center of mass system can be written as [29] 
where the b i s (i = 1, 2, 3, 4) are related to the original radial wavefunction f i , quark masses m i , quark energy w i (i = 1, 2) and meson mass M:
b). For B q (2S) and D q (2S) mesons with quantum numbers J P = 0 − Because the 2S state mesons have the same quantum numbers as B q ′ , the wavefunction of 2S state mesons are similar to equation (B4),
, a 2 = ω According to the equations (9), (B4) and (B5), the form factors of B q ′ semi-leptonic decays to 2S state mesons can be written as
where E f = M 2 f + r 2 , q · r ≡ | q · r|, θ is the angle between q and r. c). For B * q and D * q mesons with quantum numbers J P = 1
−
The relativistic positive wavefunction of 1 − state can be written as
+q f 1⊥ · ε (λ) (c 5 + c 6 P f 1 + c 7 q f 1⊥ + c 8 q f 1⊥ P f 1 ), (
where we first defined the parameter n i that is functions of f ′′ i (1 − wave functions):
, n 2 = f .
